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QOutline and Schedule

Session Topic Time Focus

Introduction Background and motivation 9:00-9:15 Why distances and representations form one story

Part | Graph distances 9:15-9:40 Edit, matching, transport, factorization

Part Il Graph kernels 9:40-10:10 Feature maps, the WL bridge, deep kernel

Part I1I-A Graph embeddings 10:10-10:30 Spectral cuts, node2vec, etc.

Break Tea Break 10:30-11:00 —

Part 111-B GNNs and graph transformers 11:00-11:30 Expressiveness and applications

Part IV Self-supervised graph learning 11:30-12:00 Invariance, prediction, information max., graph en-

tropy max.

Part V Explainability and 12:00-12:30 Explainability, graph foundation models, open prob-

Generalizability, Discussion lems
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Comparison is fundamental to how we understand the world

© People © Jobs
~
5 .. Q ., W
X « Salary: $858 « Salary: $§%
“ + Location: Remote « Location: On-site |
« Growth: High + Growth: Medium
BHE Qe k / o)

Skills, personality, interests ’J Salary, location, growth

© Foods Comparison O ML algorithms
€5 .. G | isoverywhers i
S In daily life, we
ON - NO) © o e constantly compare

objects, choices,
and ideas.

Accuracy, efficiency, robustness

O LLms I

Taste, nutrition, price

© Papers
<+« VS. >

4.«‘,5—*.

Novelty, clarity, impact ) Reasoning, factuallty, effi mency

4/98



Two foundations of machine learning and data mining

[Core message: representation defines the space; distance defines comparison. ]

-

Distance / Similarity
How close are two objects?
d(xi, %), k(xi, x;)
k-NN, k-means, kernel methods, DBSCAN

-

L MDS, Isomap, LLE, t-SNE, UMAP, etc. )

(.

Representation
How should we describe data?
z = fy(x)

PCA, ICA, LSH, autoencoder, neural networks
contrastive learning, etc

J
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Why graph learning now?

Graphs are the native language of Mitseilfes
relational data QQO\//Z

@ Molecules, proteins, knowledge graphs, T Nou
recommender systems, circuits, traffic, social - e
networks, sensor networks, etc. 2

\\CH3

@ The same object can be viewed at multiple scales:
node, subgraph, whole graph, graph of graphs.

Traffic / Power

@ Structure is not side information: it is part of the
signal.

Why this is hard

@ Graphs are irregular and variable-size.

Citation / Web

Recommender / KG
heterogeneous relations

— interacts =~ similarto related to

@ We must preserve both combinatorics and Figure. Representative graph-structured domains

attributes.
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Two primitive questions behind almost all graph methods

Question A: comparison Question B: representation

Beyond the isomorphism test, how similar are two  How should we encode a graph into a vector or a
graphs, nodes, or substructures? latent object?

fy: G — RY.
G+— G, vV, S5
Core tools:

Core tools: @ graph kernels,

@ graph edit distance, o message passing GNNS,

@ matching and alignment, o graph transformers,

@ optimal transport, @ self-supervised pretraining.

@ kernels and statistical distances.

Main thesis of this tutorial

Distances and representations are not competing viewpoints. Modern graph learning moves back and
forth between them.

7/98



A toy example of graph comparison
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A toy example of graph representation

Tedey &L
. S \
IR
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A unifying lens: explicit comparison versus learned encoding

Explicit comparison Learned encoding

objects — d(-,-) — retrieval /clustering/...

@ Good when interpretability matters.

@ Good when data are scarce but domain
priors are strong.

@ Often expensive, but conceptually
transparent.

Takeaway: Modern graph learning often defines a
learned representation.

object — fy(-) —task loss

or similarity in latent

@ Good when scale and transfer matter.
@ Learns task-adapted invariances.

@ May sacrifice interpretability and
exactness.

comparison principle first, then amortizes it into a
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Timeline / Evolution of Graph Comparison and Representation

Graph comparison asks: how should two graphs be aligned, matched, or metrized?

RW Sp Graphlet WL Lovasz 9 M-Lap. WWL MMD-

GED Kernel Kernel Kernel KerneGWD  Kernel Kernel Kernel GK  MFD
1 1 1 1 1 1 1 1 1 1 |
T T T T T T T T T T L

1983 2003 2005 2009 20112011 2014 2016 2019 2024 2025

edit / matching — kernelized similarity — OT / learned graph metrics
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Timeline / Evolution of Graph Comparison and Representation

Graph comparison asks: how should two graphs be aligned, matched, or metrized?

RW Sp Graphlet WL Lovasz 9 M-Lap. WWL MMD-

GED Kernel Kernel Kernel KerneGWD  Kernel Kernel Kernel GK  MFD
1 1 1 1 1 1 1 1 1 1 |
T T T T T T T T T T L

1983 2003 2005 2009 20112011 2014 2016 2019 2024 2025

edit / matching — kernelized similarity — OT / learned graph metrics

Graph representation asks: how should a graph be embedded so that comparison and downstream prediction become
easy?

Normalizel@Placian  Original GCN/ GIN +
Fiedler = Cut Eigenmaps  GNN DeepWallyode2vec MPNN WL thedgraphormer GPS GFMs
1

[l [l [l [l [l [l [l [l [l [N
T T T T T T T T T T 7

1973 2000 2001 2009 2014 2016 2017 2019 2021 2022 2025

spectral relaxation — walk-based embedding — message passing — global attention / pretraining

@ The modern field increasingly couples the two: comparison induces representation, and representation defines
comparison.
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Tutorial learning objectives

By the end of the tutorial, participants should be able to:
© Understand the definition, strength, and weakness of each graph distance/kernel.
@ Understand the key ideas or principles of major graph representation learning methods.
© Compare self-supervised graph objectives: contrastive, predictive, generative, and
information-theoretic.

© Form a critical view of emerging directions like explainability and graph foundation
models.

Rather than listing models, we emphasize principles: invariance, expressiveness, scalability,
explainability, and transferability.
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© Introduction

© Graph Comparison
@ Graph Distances

© Graph Representation
e Explainability and Generalizability

© Discussion
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What makes a good graph distance?

A useful graph distance should ideally be:

o discriminative: different structures receive different scores,
o stable: small perturbations induce controlled changes,

@ invariant: unaffected by node relabeling,

@ interpretable: decomposable into meaningful discrepancies,
o

computable: exact or well-approximated at useful scales.
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A taxonomy of graph comparison

Family Primitive Strength Main limitation

Edit / match- node-edge operations, interpretable, label-aware NP-hard or combinatorial

ing correspondences

Kernel shared substructures PSD similarity, classical feature design bias
learning theory

Transport alignment of flexible for size mismatch and cubic or near-cubic cost

distributions / metrics

attributes

Embedding dis-
tance

learned latent vectors

scalable, task-aware

depends on encoder quality

Factorization

matrix / spectral
summaries

global structure,
clustering-friendly

may lose local semantics

Takeaway: There is no universal best graph distance.
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Why explicit graph comparison is still useful in 2026

When distances are preferable

small or medium-size datasets,

retrieval and nearest-neighbor search,
clustering with limited labels,

domains needing interpretable mismatch
decomposition,

evaluation of generative or
self-supervised models.
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Why explicit graph comparison is still useful in 2026

When distances are preferable Canonical applications

small or medium-size datasets, °
retrieval and nearest-neighbor search,
clustering with limited labels,

domains needing interpretable mismatch
decomposition,

evaluation of generative or
self-supervised models.

molecular similarity and scaffold
retrieval,

graph clustering and graph database

search,

graph matching in vision and pattern
recognition,

cross-network alignment and anomaly
detection.

Takeaway: Distances never disappeared. They became the reference geometry against which learned

representations are judged.
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Graph edit distance (GED): the classical starting point

Given edit operations O (node/edge insertion, deletion, substitution) with costs c(0), the
graph edit distance [Sanfeliu & Fu, 1983] is

GED(G, G') = WEI_rlrgiGnG/) Z c(o),
’ oEm

where TN(G, G’) denotes all valid edit paths transforming G to G'.

Source graph G Target graph G’

@ Natural, human-interpretable decomposition :, T GP QP
into atomic operations. OO & i _@
@ Flexible: can incorporate labels, attributes, o {a b @

and semantic substitution costs. Figure. A Vahd edit path from G to G’

@ Well suited to retrieval, matching, and
structured pattern recognition.
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Limitations of GED
o Exact GED computation is NP-hard.

o Approximation algorithms [Riesen & Bunke, 2009; Neuhaus & Bunke, 2007; Abu-Aisheh et
al., 2015; Chang et al., 2022].

@ GED is too sensitive to the size of the graph.

2+
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From edits to measures: optimal transport (OT)

Instead of transforming one graph into another via edit paths, transport compares two
measures by moving mass [G. Monge, 1781]:

We(p,v) =  min civii= min (C,v).
() WGH(%V),-ZJ i WEH(MV)( v

5 Optimal transport = soft alignment
. — /
Eg: cj =[x — x|

Why OT is attractive

@ handles varying graph sizes,

coupling gamma

@ supports soft alignment,

@ naturally fuses features and geometry, oA e
00000
o differentiable versions exist. | |

Complexity: O(n?log n)

@ move mass while preserving marginals
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Sinkhorn regularization: making OT practical

Add entropic regularization to the transport problem [Cuturi 2013]:

We(p,v) = min (C,7) +eKL(v[[p®@v).
yeN(p,v)

Trade-off

o faster iterative scaling: O(n2 T) Large € improves speed and smoothness but
@ smooth and differentiable objective, can oversoften alignments.

@ useful inside neural training loops.
Takeaway: Sinkhorn turns OT from a beautiful idea into a usable primitive for machine learning.
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Why vanilla OT is not enough for graph comparison

Vanilla OT compares node features under a ground cost ¢j;, but graphs are not just bags of
nodes.

Missing ingredient

We also need to compare relations between nodes, not only nodes themselves.

@ If node features are weak, feature-space
OT can ignore topology.

@ Two graphs with different internal

feature OT
geometry may still have similar node 006000 '
marginals.

Chain graph Star graph

same node features

N . .
T ettty {EE s s

same node features

&l same features, different relations ‘
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Gromov-Wasserstein (GW): transport over relational structure

GW [Memoli, 2011] compares two metric measure spaces by aligning intra-graph distances:

. .. .oy 2
GW (G, G/) = min E ’dG(I, I,) — dG’(,/,J/)‘ ")/,'J"‘y,'/j/.
’YEH(M,V) NN

dg and dgr could be the adjacency matrices or the shortest-path distance matrices.

What changed?

The objective now matches pairwise relations rather than raw node identities.

o naturally handles graphs of different sizes,
@ useful when there is no obvious node correspondence,

@ conceptually close to structure matching up to soft isometry.
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Fused Gromov-Wasserstein (FGW): combining attributes and structure

FGW [Vayer et al., 2019] interpolates between feature matching and relational matching:

FGWa = min (1 — Oé)<C,’y> + o Z L,','/jj/ ’yu’y,/J/
yeN(p,v) i

Use cases Hyperparameter meaning

@ attributed graphs, « determines whether topology or attribute
@ molecules with atom types, similarity dominates.

@ multimodal graphs with structure and side
features.
Takeaway: FGW is one of the clearest examples of the distance and representation views meeting in
one objective.
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OT, GW, and GED: when should we prefer which?

Method Best when Main benefit Main drawback

GED semantic edit high interpretability combinatorial cost
operations are
meaningful

oT node features are differentiable, flexible  topology may be underused
reliable and soft size handling
alignment is enough

GwW internal geometry topology-aware soft expensive quartic-like objective be-
matters more than matching fore optimization tricks
labels

FGW both topology and balanced attributed tuning and computational burden

features matter

comparison

Takeaway: Choosing a graph distance is really choosing a structural inductive bias.
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Beyond classical OT: factorization and learned graph metrics

Factorization view Example direction

Compare graphs through low-rank or Graph minimum factorization distance
structured matrix decompositions of adjacency, =~ compares graphs through optimal low-rank
Laplacian, or feature-coupled operators. factor structures, offering a new route

beyond edit and transport formulations.

= |2 DA - =[S 1AL

A? = & ®; is a PSD proxy of A; and ®; is from the SVD of A,;.

MMFD [Fan, ICML 2025]

T & 1) 1O ()
MMFD(Gy, G2) = i, n*ljzz;fb(zj )—,TZZRlﬂﬁ(ZJ )
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Beyond classical OT: factorization and learned graph metrics

MFD [Fan, ICML 2025]
MFD(Gl,Gz)
. 1 & 2
e [ 25087 - 5, el

=1
= min ( > k(o oM) Zk(Ru(b(Q) R12¢(2))— Zk o) R12¢(2))>

Ri2€R nl u,v 2 u,v

1/2

where k denotes a nonlinear kernel with feature map (.
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Example: MMFD for graph comparison

Gi, Gy, ..., Gy from left to right:

Ol []5 ﬁﬁﬁ%

i:i - 0.0914 | 0.1589 | 0.2097 | 0.2528 | O 0.2505

Q;if 0.0914 - 0.0675 | 0.1182 | 0.1614 | 0.1590

{j} 0.0675 - 0.0507 | 0.0939 | 0.0915 | 0.0916

iﬁ} 0.1182 | 0.0507 - 0.0432 | 0.0408 | 0.0409
Gsﬁ:ﬁi 0.1614 | 0.0939 | 0.0432 - 0.0024 | 0.0023

Gs

0.2505 | 0.1590 | 0.0915 | 0.0408 [(0.0024 - 0.0001

0.1591 | 0.0916 | 0.0409 | 0.0023 | 0.0001 -

G

i

For instance, the difference between Gg and Gz is less than the difference between Gs and C2§9/.98



Example: MMFD and MFD for graph clustering

Method | AIDS (N = 2000) \ PROTEINS (N = 1113) | ENZYMES (N = 600) | REDDIT-MULTI-SK (N = 4999)

| Acc NMI ARl | ACC NMI ARl | ACC NMI ARl | ACC NMI ARI
SP kernel 79.49+0.84 0.39+0.62 -0.71%1.13 |64.4240.00 6.03+£0.00 5.8740.00 |22.00£0.00 2.57+0.00 1.69+0.00|20.02:0.00 0.05+0.00 0.00:£0.00
GK kernel 79.95£0.00 0.04£0.00 -0.070.00 |59.61£0.22 0.2420.18 0.10£0.19 | 17.0740.13 0.800.25 0.00::0.00 - - -
RW kernel 79.90+£0.00 0.09£0.00  -0.15+0.00 - - - 17.000.00 0.66::0.00 0.2540.00 - - -

WL kernel 78.50+0.00 1.17£0.00  -2.09+0.00 [60.38+0.00 1.55+0.00 0.8140.00 |21.00+0.00 3.0940.00 1.484-0.00|20.0040.00 0.004-0.00 0.00+0.00
LT kernel 79.95+£0.00 0.04£0.00  -0.07+0.00 - - - 17.00£0.09 0.4240.11 0.0040.00 - - -
WL-OA kernel |80.40+0.00 2.46+£0.00  2.384+0.00 |60.38+£0.00 1.55£0.00 0.8140.00 |20.00£0.00 1.3540.00 0.3240.00 - - -

InfoGraph+KM | 92.214+0.81 54.49+3.53 63.78+3.84 |59.224+0.21 3.224+1.94 0.00£0.00 |22.0640.98 2.40+£0.45 1.25+0.52|20.164+0.02 0.30+0.05 0.00+0.00
InfoGraph+SC |95.654+1.55 72.21£9.20 80.17£7.19 |64.0242.31 5.17+1.87 7.06£2.65 |23.7540.50 4.64+0.65 2.23+0.41|20.00+0.00 0.00£0.00 0.00£0.00
GraphCL+KM |90.40+£1.06 46.56+4.31 55.2945.28 |59.474+0.01 0.37+0.31 0.00£0.00 |21.5040.22 1.55£0.12 0.90£0.09 |20.3240.00 0.56+0.00 0.00£0.00
GraphCL+SC | 96.08+1.96 72.974+10.86 81.65+8.51 [59.96+£0.10 2.814+0.07 3.8840.08 |25.28+0.28 4.754+0.36 2.03+0.26|20.0840.00 0.16+0.00 0.00+0.00
JOAO+KM 88.25+0.00 38.02+0.00 44.62+0.00 |{59.48+0.00 0.64+0.05 -0.0630.00 |21.6640.37 1.60+0.01 0.94+0.02|20.344+0.00 0.60£0.00 0.00£0.00
JOAO+SC 80.13+£0.02 0.84+0.15  0.8040.14 |59.75£0.00 0.47£0.00 0.17+0.00 |24.65+0.44 4.85+0.37 2.0740.18 |20.39+0.49 0.0840.00 0.01£0.01
GWF+KM 96.43+1.71 74.484+9.15 84.71+£7.02 |66.87+£2.36 9.07+£1.21 11.43£3.19|28.55+0.20 6.02+0.55 3.16+0.20 - - -

GWF+SC 96.444+2.92 76.01£15.23 83.54+13.61 |68.79£2.05 10.174+1.74 13.88+2.72|25.66+1.57 5.2441.28 1.78+0.61 - - -

GLCC 79.02+0.62 4.18+2.01  5.0542.13 |60.65+2.69 2.08+1.43 4.16+2.28 |19.89+1.09 2.424+0.18 0.1940.12|23.50+0.48 6.574+3.56 4.00+0.80
DCGLC 96.77+0.33 73.5142.30 85.74+1.45 |68.89+2.04 10.904+1.35 14.3242.88 | 28431128 6.574+0.20 3.78+0.47|33.24+£2.34 8.81+2.28 7.16+1.67
MMD 50.10+0.00  0.00£0.00  0.03+0.00 |52.56+0.00 0.08+0.00 0.1440.00 [22.90+1.14 1.794+0.28 0.47+0.22|33.31+0.91 17.68+0.17 11.20+0.84
GWD 88.30+0.00 49.734+0.00 56.45+0.00 |68.82+0.00 12.4240.00 12.374+0.00 [23.08+0.37 3.914+0.69 0.41+0.11 - - -

GED 89.55+0.00 43.3340.00 51.02+0.00 |52.24+0.07 3.92+0.23 -0.23+0.03 |25.50+0.00 5.0540.18 2.2440.06 - - -

MMFD 98.80+0.00 88.374+0.00 94.49+0.00 |72.60+0.00 14.1840.00 19.67+0.00 [23.68+1.31 5.994+0.78 1.96+0.33 |35.97+0.48 18.12+0.61 13.74+1.97
MMFD g 98.80+0.00 88.374+0.00 94.49+0.00 |72.49+0.13 13.98+0.25 19.49+0.23 |23.62+0.83 6.554+0.42 2.13+0.22|36.54+0.56 18.31+0.74 13.99+2.18
MMFDg-KM [98.96:0.02 89.6240.18 95254011 |71.87+0.18 12.7440.34 18.51+0.28 |25.67+0.77 6.3440.68 2.060.37 | 35.62:0.46 19.804+0.06 13.74+0.30
MFD 99.45+0.00 93.8240.00 97.47+0.00 |72.60+0.00 14.1840.00 19.67+0.00 [30.33+1.16 8.454+0.26 4.42+0.33|35.35+£0.01 17.284+0.03 14.90+0.02
MFD-KD 99.0240.00 90.0140.34  95.5140.18 |72.39:0.30 14.06+0.40 19.24+0.57 |26.25+£1.44 7.5440.69 2.21£0.60 | 34.86+£0.22 19.70+0.29 14.46+0.36
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What do distances buy us?

@ They define retrieval geometry: nearest graphs, cluster boundaries, novelty scores.

@ They provide evaluation tools: if a learned embedding destroys a trusted distance
notion, that is a warning sign.

@ They provide scientific interpretability: what kind of structural change counts as
significant?

@ They serve as training signals: metric learning, contrastive objectives, and OT-based
regularizers.

Forward transition

Graph kernels take a crucial next step: instead of comparing graphs directly each time, we
map them into an implicit feature space where comparison becomes an inner product.
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Graph kernels: from similarity scores to feature maps

A graph kernel is a positive semidefinite similarity function
for some feature map ¢ in an RKHS H.

What kernels buy us The core design choice

@ mathematically controlled similarities, What graph substructures should be counted:

o direct use with SVMs and kernel PCA, walks, paths, graphlets, subtree patterns, or
something learned?

@ nonparametric learning with small
datasets.
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Example: shortest-path kernel

Example: Shortest Path Kernel (SPK)

1. Shortest path lengths 2. Compare distributions 3. Kernel value

-@ b 5 A ™ = k(Gz—,G,o:gasi(emce)

B ¢i(¢): # of node pairs in G;

Inner product with shortest path length ¢

(similarity of histograms) B ¢;(£): # of node pairs in Gj
with shortest path length ¢

192,735 %

Histogram of shortest
path lengths
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A practical recipe for building a graph kernel

A large family of graph kernels can be viewed through the R-convolution principle:
KGG)= > > =&
reR(G) r'€R(G')
where R(G) is a multiset of graph parts and x is a PSD base kernel on parts. Then K is also PSD.
@ Random walk kernels choose parts r as walks.
@ Shortest-path kernels choose parts r as labeled shortest paths.
@ Graphlet kernels choose parts r as small induced subgraphs.

@ WL subtree kernels choose parts r as WL labels across refinement rounds.

Normalization often matters
K(G,G)
\/K(G, G)K(G',G")

mitigates graph-size effects and makes similarity scores easier to compare across graph pairs.

K(G,G') =
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Classical graph kernels: a design space of counted substructures

Kernel family Main idea Typical strength Complexity
Random walk count matching walks  rich local connectivity patterns O(n?)
in product graph
Shortest path compare all-pairs more robust than unrestricted walks O(n*)
shortest path label
tuples
Graphlet count small induced explicit local motif statistics O(n*)
subgraphs
Subtree / WL iterative neighborhood strong trade-off of power and efficiency ~ O(hl)

hashing and counting

Takeaway: Classical graph kernels differ mainly in which substructures are treated as features.
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The decisive bridge: Weisfeiler-Lehman (WL) color refinement

1-WL update 1-WL refines neighborhood colors
t = =
For node colors ¢\, &=
2 3 2 3 2 3
) = p(cB)) HelDue N(v) ). — i
v 4 u refine by refine by
4 5 e 4 5 mother 4 5
Repeated refinement gives a progressively color counts color counts color counts
richer rooted-subtree description. . A=l
S & 9 © 2 1 2 0 1 1 1 1
[ Legend: @ initislcolor [ newcolorclassA (@ newcolorciassB (@ newcolorclassC (I new color class D }

Why this matters
WL is simultaneously a graph isomorphism heuristic, a feature extractor for kernels, and the
theoretical yardstick for message-passing GNNs.
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WL kernel: powerful because it is simple

The WL subtree kernel counts color histograms generated across refinement rounds:

.
Kwi(G,6) =" (hd), h2).
t=0

o Efficient and highly competitive for graph classification.
o Captures increasingly large rooted neighborhoods.

@ Provides an explicit bridge from counted substructures to neighborhood aggregation.

Takeaway: WL became central because it offers a rare combination of efficiency, interpretability, and
theory. Shervashidze et al. (JMLR 2011).
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Kernel view versus message-passing view

Kernel perspective GNN perspective

Count subtree patterns explicitly, then Learn to aggregate neighborhood information
compare via an RKHS inner product. using trainable functions.

Deep connection

The expressive power of standard message-passing GNNs is upper-bounded by 1-WL. So the
same refinement principle governs both a classical kernel and a modern neural architecture.
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Modern kernels: from handcrafted counts to learned similarities

o Deep graph kernels: learn latent similarities between substructures instead of treating
them as unrelated tokens. [Yanardag & Vishwanathan, KDD 2015]

o Wasserstein WL kernels: replace histogram matching by transport-aware matching over
WL features. [Togninalli et al., NeurlPS 2019]

o MMD graph kernels: compare learned node distributions using maximum mean
discrepancy. [Sun & Fan, ICLR 2024]

o Learnable kernel density ideas: bridge graph kernels and nonparametric density
estimation. [Wang et al., ICML 2026]

The kernel family did not vanish; it absorbed ideas from representation learning, metric
learning, and distribution matching.
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Modern graph kernels in formula form (1)

Deep graph kernels

Learn similarities among substructure embeddings rather than using a strict one-hot basis:
Kpak (G, G') = ¢(G) "M ¢(G').

Here M encodes similarity among latent substructure tokens rather than treating each substructure as
unrelated.
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Modern graph kernels in formula form (1)

Deep graph kernels

Learn similarities among substructure embeddings rather than using a strict one-hot basis:
Kpak (G, G') = ¢(G) "M ¢(G').

Here M encodes similarity among latent substructure tokens rather than treating each substructure as
unrelated.

Wasserstein-WL kernels
Convert WL features to empirical measures j1c and compare them by optimal transport:

Kwwr(G, G') = exp (=7 W(ue, pe'))-

The key step is to replace exact histogram overlap by transport between refined subtree embeddings.
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Modern graph kernels in formula form (1)

MMD graph kernels

Treat node embeddings as samples from a graph-specific distribution:

1
He = V] Z k(zy,-), MMD?(G, G') = ||ue — pe||%-
veVv

A kernelized similarity is then

Kainn (G, G') = exp (— 7 MMD?*(G, G')).

Interpretation

These methods keep the kernel viewpoint but enrich it with learned embeddings, distribution matching,
and transport-aware geometry.
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Kernels in 2026: when should we still use them?

Good use cases Less ideal

@ graph classification with limited labels, @ billion-edge graphs,

@ interpretable similarity search, @ highly dynamic graphs,

@ strong handcrafted domain priors, @ settings requiring end-to-end feature
o hybrid systems where kernels supervise or learning from raw multimodal inputs.

calibrate neural models.
Takeaway: Kernels remain highly relevant as strong baselines, small-data methods, and theoretical
anchors.
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Why revisit pre-neural graph embeddings?

Because their biases still drive modern | Neural models make the bias trainable
models @ GCN-like layers learn low-pass smoothing.

@ Graph cuts: preserve community separation.

@ MPNNSs learn multi-hop neighborhood

@ Spectral embeddings: preserve edge summaries.

smoothness. @ Graph transformers learn global attention

@ Random walks: preserve contextual geometry.

GO EIE: @ SSL objectives learn which perturbations

@ Graph2Vec: preserve substructure statistics. preserve meaning.

Before GNNs, graph learning already knew how to turn cuts, walks, spectra, and patterns into
geometry. Modern representation learning keeps these principles but learns them end to end.
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Spectral clustering as graph embedding

Let L = D — A be the combinatorial Laplacian and Lgyn,

A standard spectral relaxation solves

min Tr(F'LF) st. F'F=1I

FERnxk

or, in normalized form,

min  Tr(Y'LY).
YTDY=I
The solution is given by the bottom-k eigenvectors of a
Laplacian variant, after which we cluster rows by
k-means.

| — D-Y/2AD~1/2 the normalized Laplacian.

Interpretation

Each row of the eigenvector matrix is
already a node embedding. Nearby rows
mean nodes have similar low-frequency
graph signals.

Connection to GNNs

Laplacian smoothing and low-frequency
filtering reappear later in spectral GNNs
and GCN-like layers.

Takeaway: Spectral methods expose a core graph-learning prior: useful representations often live in
low-frequency eigenspaces of the graph. Spectral clustering [Ng, Jordan, and Weiss, NeurlPS 2002]; Laplacian

Eigenmaps [Belkin and Niyogi, Neural Computation 2003]; tutorial [von Luxburg, Statistics and Computing 2007].
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Random-walk embeddings: DeepWalk and node2vec

A shallow random-walk method learns node embeddings by a Skip-Gram-style objective:
5T
e
max E E Iogpv| p(v|u):sz2r.
{22} ueV veCs(u ZWGV eXp(Zw ZU)

Here Cs(u) denotes random-walk context nodes, in practice the softmax is approximated by negative sampling. Node2vec
modifies the transition probability by a second-order bias:

1/p7 th = 07
Tux X aepg(t, X) Wx, apg(t,x) =< 1, dix =1,
1/q7 dix = 2,

where t is the previous node, v is the current node, and x € N(v) is the candidate next node.

Interpretation

These methods turn graph co-occurrence statistics into Euclidean geometry, much like word2vec turns token contexts into
lexical geometry.

Takeaway: Changing the walk changes which graph relations are made close in embedding space.
DeepWalk [Perozzi, Al-Rfou, and Skiena, KDD 2014]; node2vec [Grover and Leskovec, KDD 2016]; Skip-Gram [Mikolov
et al., NeurlPS 2013].
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Node2vec intuition: BFS versus DFS bias

Neighborhood bias

A BFS-like walk keeps returning to nearby nodes,
which tends to preserve homophily and community
membership.

Role bias

A DFS-like walk pushes farther away, which tends to
preserve structural equivalence or similar graph roles.

Why this is historically important

The graph community had already learned that how
we sample context determines what geometric
relations an embedding will preserve. GNNs later made
that context extractor trainable.

node2vec samples graph context

@ torget node [ ]
@ 1-hop neighbors /

() 2-hop neighbors.

= o DFS-like:
BFS-ike: | . b, Ay role
community A

[ P controls return, g controls exploration ]
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Graph2Vec: from node context to graph context

Goal: learn a fixed-dimensional vector for each graph:

G,'—>Z,'€Rd

Key Idea
WL substructures vector

js%,sz,s3,...k} zG

@ Treat each graph as a “document”
@ Treat local substructures as “words”

@ Learn graph embeddings using a Doc2Vec-style
objective Graph G

Substructures Graph2Vec learns graph embeddings by predicting
local structural patterns from the whole-graph

@ Usually extracted by Weisfeiler—Lehman relabeling )
representation.

@ Capture local topology around nodes
Takeaway: Graph-level representation learning can be viewed as choosing a vocabulary of substructures
and learning which graph-level contexts explain them. Graph2Vec [Narayanan et al., 2017]; Doc2Vec analogy

[Le and Mikolov, ICML 2014]; WL substructures [Shervashidze et al., JMLR 2011].
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Classical embedding methods: three geometries

Method fam-
ily

Preserved relation

Limitation that motivates neural models

Spectral / cut

Random walk

Graph2Vec /
WL

nodes  connected  through  low-
conductance communities and smooth
graph signals

nodes appearing in similar sampled con-
texts

graphs sharing local substructure vocab-
ularies

usually transductive; expensive or unsta-
ble on changing graphs

topology-centric; context distribution is
mostly hand-designed
sparse/high-dimensional patterns; weak
feature adaptation

Transition

GNNs keep the same ambition but replace fixed feature maps and fixed sampling rules by trainable,
permutation-respecting encoders.
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From shallow graph embedding to neural graph models

Family Core mechanism Main limitation / role
Spectral em- Laplacian eigenvectors transductive, global, and weakly feature-conditioned
bedding / cut relaxation

Random-walk  context prediction from  topology-centric co-occurrence; limited task adaptation
embedding sampled walks

Message- trainable local strong locality bias; vulnerable to over-smoothing and
passing GNNs  aggregation over over-squashing

features and edges
Graph trans- global attention with higher cost; positional / structural encoding becomes
formers structural bias decisive

Takeaway: Modern graph neural models unify spectral smoothness, contextual proximity, and

task-driven feature learning; the main evolution is where structural bias is injected.

Representative roots: spectral CNNs [Bruna et al., ICLR 2014; Defferrard et al., NeurlPS 2016], random-walk embeddings
[Perozzi et al., KDD 2014; Grover and Leskovec, KDD 2016], original GNNs [Scarselli et al., IEEE TNN 2009].
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Unified notation and graph-level readout

For layer ¢, node states are

HO = (a9 . pP]T e R, HO =x.

@ Local models use A and neighborhoods N (v).

@ Global-attention models form pairwise
interactions between tokens.

@ A graph embedding must be
permutation-invariant:

h¢ = READOUT{A" : v € V}.

A universal set-function form is

he = p(Z w(h‘f’)> :

vev

Takeaway: Node encoders must be
permutation-equivariant; graph encoders

additionally require a permutation-invariant
readout.

Graph-level readout

hy
mmEED

Invariant readout

sum mean attention
hy

hy
e ol graph vector

prediction

hy hs
[ | CBf am

node embeddings

graph with node fon-i ——  oaphlevel —p downstream
readout vector task

@ Simple readouts: sum, mean, max.

@ Adaptive readouts: attention pooling (2016), graph
token (2021), Set Transformer (2019).

@ Hierarchical readouts: DiffPool (2018), SAGPool
(2019), MinCutPool (2020).
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Message passing as the core abstraction
A generic edge-aware MPNN layer is

uv

ueN(v) ?
h((+1) == U (h(f) m(e)) %Q Message Aggregate Update
P
ol e-0 @
® @P: sum, mean, max, or e :
attention-weighted sum.

Update node state 27:‘:;:‘3
@ Each layer expands the receptive field
send —>» aggregate —» updatej
by one hop.

m®) = M, (h(‘“’) h(O Lew), m® = @ m® Message passing layer

aggregated message

@ The architecture is determined by M,,
P, and U,.
Takeaway: MPNNs are neural versions of iterative neighborhood summarization. Message Passing Neural
Networks [Gilmer et al., ICML 2017].
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From spectral filters to GCN
Spectral graph convolution starts from the Laplacian L = UAU':

go(L)x = Ugp(A) U x.

Chebyshev approximation avoids explicit eigendecomposition:

K
go(L)x = Z@k Tk(Z)x, Scaled Laplacian L = L—1.
k=0 max
The first-order simplification with renormalization gives GCN:
HH) — 0<6’1/2K6’1/2H(£) W(é)) 7 A=Al

Interpretation

GCN is a learned low-pass graph filter: smooth over local neighborhoods, then mix feature channels.

Spectral CNN [Bruna et al., ICLR 2014]; ChebNet [Defferrard et al., NeurlPS 2016]; GCN [Kipf and Welling, ICLR 2017].
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Representative MPNN designs: sampling, attention, and injectivity

GraphSAGE [Hamilton et al., NeurlPS 2017]: sampled neighborhood aggregation

hsul) — o W® hg) | MEAN e pr(v) hfff) ) ] tSar.m.ales neighborhoods for scalable mini-batch
raining.

@ Supports inductive generalization to unseen
nodes.

GAT [Veli¢kovi¢ et al., ICLR 2018]: attention-weighted neighborhood aggregation

@ Learns neighbor-specific importance weights.

£4+1 I3
hs/ W=y Z O‘S/u) W(é)hg) ) @ Replaces fixed degree normalization with
ueN (v)U{v} content-adaptive aggregation.

ol o exp (LeakyReLU(aT[Whv” Whu]))_

GIN [Xu et al., ICLR 2019]: injective multiset aggregation

@ Uses sum aggregation to preserve multiset

h(2+1) MLP, | (1 + €)h Z h(e) ) information.
uEN (v @ Matches 1-WL expressive power under suitable
conditions.

Takeaway: GraphSAGE emphasizes scalable inductive aggregation, GAT introduces adaptive neighbor
weighting, and GIN clarifies why injective multiset aggregation is central to WL-level expressiveness.
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MPNNs through the WL lens

The neighborhood is a multiset, so aggregation

Landmark result should preserve multiset information:

Standard message-passing GNNs are at most as

p-ovv-erfu! as the 1—WL color .reflnement test in F({xt, ..., xm}) = p Zd}(x’_) )
distinguishing non-isomorphic graphs. P}

@ If 1-WL cannot distinguish two graphs, Mean aggregation may collapse different
many standard MPNNs cannot distinguish multisets with the same average; sum plus a rich
them either. MLP is less lossy.

@ GIN reaches this upper bound with injective
aggregation and sufficiently expressive
MLPs.
Takeaway: The WL connection explains both why message passing works and where its expressive
ceiling comes from. Expressive power of GNNs [Xu et al., ICLR 2019]; WL-GNN correspondence and higher-order

GNNs [Morris et al., AAAI 2019].
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What 1-WL misses, and how to go beyond it

Regular graphs can fool 1-WL Ways to Increase power

higher-order / k-GNNs on tuples or tensors,

Ccé 2 triangles

positional and structural encodings,
1-WL same
— A /\. @ subgraph, motif, or counting features,

@ rewiring and global attention,

same color counts

S L e Dy . . . . g 5
Al 1, @ geometric or Riemannian inductive bias.
L S—

0 ol

® ¥ F 2 & 5 6 rr 2T HF LY S -
e A Trade-off

Greater expressive power usually costs more

1-WL may fail on: certain regular graphs, computation, weaker locality bias, or more delicate

cycle and counting structures, long-range regularization.

dependencies, and symmetries invisible to

local color refinement.

Representative routes: higher-order networks [Maron et al., NeurlPS 2019; Morris et al., AAAI 2019], structural/positional
encodings [Dwivedi et al., ICLR 2022; Lim et al., ICLR 2023], subgraph aggregation [Bevilacqua et al., ICLR 2022],

Riemannian geometry [Wang et al., AAAI 2026]. 56 /08



GNN summary before moving to graph transformers

Question

MPNN answer

Limitation

How does infor-
mation move?

How is permu-
tation handled?

How much
structure is
captured?

Why still useful?

local message passing over edges
equivariant aggregation and invariant

readout
at most 1-WL for standard MPNNs

efficient O(|E|d) local inductive bias

depth needed for long-range reasoning
aggregation may be non-injective

misses some regular, counting, and
global patterns

may need structural augmentation

Takeaway: GNNSs are best understood as efficient, local, WL-style representation learners; graph

transformers add a global communication path but must reintroduce graph structure explicitly. MPNN

abstraction [Gilmer et al., ICML 2017]; WL expressiveness [Xu et al., ICLR 2019; Morris et al., AAAI 2019]; long-range
bottlenecks [Alon and Yahav, ICLR 2021].
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Why graph transformers?

Motivation

Message passing is local by construction.
Attention offers global interaction,
content-adaptive weighting, and easier
integration with foundation-model-style
pretraining.

capture long-range dependencies,
integrate diverse structural encodings,

use tokenized graph representations,

®© 6 6 o

support large-scale pretraining recipes.

Design consequence

Attention alone is graph-agnostic; structural
bias must be injected back into the model.

Graph transformer layer

O - ok -p

© BEN - N ® (k5]

O OEN - B ® (k=)

© NN - N ® (r&)

O HEN -1 & (re)
tokens + PE

Attention
+ graph bias B

Shortest path distance

o
£ ~=+ 2hops
e, | 3hops
\', 3 + - 24hops

Edge types
type 1

————— type 2
- type3

Other structural signals
—

injout degree triangles  cycles

(1]
2]
(3]
o
(5]
(6]

global attention
9 ® © 0 6 6

low attention high attention

{ global interaction with structural bias J

Transformer attention [Vaswani et al., NeurlPS 2017]; graph transformers and structural encodings [Ying et al., NeurlPS
2021; Dwivedi et al., ICLR 2022; Rampasek et al., NeurlPS 2022].
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A graph transformer layer: attention plus structural bias

Given node states H € R"™*4,

Q = HW, K = HWk, V =HW,.
Attention with graph-aware bias is
.

K
P= softmax( Q

+B), H = PVW,.
NG ) ©

A practical parameterization is

SPD edge PE lobal
Bij = bgg(ijy + by + by~ + b

@ Without B, attention is permutation-equivariant but graph-agnostic.

@ With B, attention can encode shortest paths, edge types, centrality, Laplacian/random-walk
relations, or graph tokens.

Takeaway: Graph transformers encode inductive bias in the attention geometry rather than in a fixed
local aggregator. Scaled dot-product attention [Vaswani et al., NeurlPS 2017]; shortest-path and centrality bias [Ying

et al., NeurlPS 2021]; learnable structural/positional encodings [Dwivedi et al., ICLR 2022].
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Graph transformer design patterns

Design choice Examples Purpose

Structural bias shortest path, edge type, centrality, restore graph inductive bias
Laplacian / random-walk PE

Hybrid blocks MPNN + attention, sparse 4 dense combine local stability with global
attention reach

Tokenization nodes, edges, subgraphs, random walks, decide what the transformer sees
graph-text pairs

Readout mechanism class token, graph token, pooling, Set support graph-level tasks
Transformer

Scaling strategy sparse attention, landmarks, batching control n?> memory and compute
by size

Takeaway: Most graph transformer variants differ less by attention itself than by tokenization,
structural encoding, and scalability design. Design anchors: Transformer [Vaswani et al., NeurlPS 2017],

Graphormer [Ying et al., NeurlPS 2021], LSPE [Dwivedi et al., ICLR 2022], GPS/GraphGPS [Rampasek et al., NeurlPS
2022], Set Transformer readout [Lee et al., ICML 2019].
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Graphormer and GPS as two useful archetypes

2) Global attention
(correction)

Global attention 1) Local MPNN (neighborhood |
(+ structural bias) aggregation)

-~ Repeat for L layers —-=--=—=-=-m-msmsmimime oo momm

GPS: local-global hybridization

Graphormer: global attention with
rich bias [Ying et al., NeurlPS 2021]

Pure transformer backbone plus carefully designed Local message passing plus global attention in
structural encodings such as shortest-path each layer:
distance, edge encoding, and centrality.

[Rampasek et al., NeurlPS 2022]

H® = MPNN,(HY, A, E),
HY = FENy(Attn,(H®; B) + H®). H H
HD) = FEN,(HO + Attn (R + PE)).

Takeaway: Graphormer pushes the burden onto global attention plus structural bias; GPS keeps a
strong local prior and adds global correction. 62/98



Complexity and scaling:

graph transformers are not free

Family

Typical layer cost

Main bottleneck

MPNN / GCN / GIN
Dense graph transformer
Sparse / hybrid transformer
Higher-order GNN

O(|E|d)
O(n*d)
between O(|E|d) and O(n*d)
often superlinear or
combinatorial

local propagation; limited long-range reach
all-pairs attention memory and compute
balancing structural bias and reach

tuple / subgraph explosion

Practical moral

Long-range power is valuable, but scalability, regularization, and careful positional design usually decide whether

that power is realized.

Linear-edge GCN-style propagation [Kipf and Welling, ICLR 2017]; dense structural attention [Ying et al., NeurlPS 2021];
scalable hybrid recipe [Rampasek et al., NeurlPS 2022].
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Model selection: GNN or graph transformer?

Scenario MPNN family Graph transformer Why

Small homophilous graph tasks strong moderate local bias often enough
Long-range dependency weak to moderate strong global interaction matters
Resource-limited training strong weaker attention is heavier
Foundation-model-style pre- moderate strong tokenized sequence view is
training convenient

How to choose?

Does the task need long-range interaction? Is the graph large enough that n? attention is problematic? Do we have
reliable structural encodings?

@ Carefully tuned MPNNSs can close much of the gap on some benchmarks when training, depth, and positional
design are handled well.

@ Global attention helps most when the label depends on distant interactions, weak locality, or rich structural side
information.

@ Hybrid local-global designs are often more stable because they retain the locality bias of GNNs while adding a
global communication path.

Takeaway: Architecture choice should follow the dependency pattern of the task.
Graph transformers are not replacements for GNNs; they are a different way to allocate inductive bias,
communication range, and computation. 64,98
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Why self-supervised graph learning?

Motivation Objective

Intuition

Graph labels are expensive, sparse, and Contrastive

domain-specific, while unlabeled structure is

abundant. Pretraining gives the encoder a useful Predictive
geometry before downstream supervision.
InfoMax
The k ion
e key questio Graph-
What should remain close under the pretext task, theoretic

augmentations of the same
graph should be close

masked nodes, edges, or motifs
should be recoverable

local and global summaries
should agree

invariants / entropy should be
preserved

and what information must not be collapsed?

Takeaway: SSL is where graph distances quietly re-enter: the loss specifies what should stay close,
what should separate, and what structural information survives compression.
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Deep Graph Infomax (DGI): local-global mutual information

Local representations (h;) Global summary (s) Positive pairs
o h @9888) t @888 - - v
Original graph O GNN
— . - h, @O00® —— > h @9999) M Graph
Vi encoder ; 4 ReaboUT . (@eeee) — 1 @900 - . geeee raph
O B J i s (pooling) 8 g e Highscore v representation
- A e~
st 1 GEEE9 h. @980® - - g | o) ¥
j | weights
& H N "
A v Corrupted local representations (F;) Negative pairs (corrupted) % » Lowscore X s
Corrupted graph e~ i @009 @008 - x (disagree)
(shuffled features) N s GNN 5 @ee09 e
~ ¥ encoder " h, 0000 = > h, (000009 - x
& e LI L e x
i, @eee® b, ©0000) - x

Core idea

Maximize mutual information between local node representations and a global graph summary,
while contrasting against corrupted views.

max Z logo(h/ s) + Z log (1 — o(h s)).

@ elegant and influential,
@ shows that graph structure itself can supervise representation quality.

Velickovic et al. (ICLR 2019). 67 /98



InfoGraph: graph-level mutual information

Graph-level
@ repncsemannn of

rap

Graph

raph A @ Training data of Training data of
Graph A vs. all nodes  Graph B vs. all nodes

Patch-level
representation of [)|5mm|na(ur
node 6

Mainmove I Why useful

Maximize mutual information between Directly targets graph-level tasks rather
graph-level embeddings and embeddings of than only node-level representations.
local patches or substructures.

READOUT
(Eq.3)

Graph B ‘

Takeaway: InfoGraph makes explicit the idea that a good graph embedding should preserve
informative substructure content. Sun et al. (ICLR 2020).
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GraphCL: contrastive learning with graph augmentations

! node droppin; edge perturbation a 1 = z; ( N
! : S =4
G Nl e 7 : shared z - |
f ! f R i
| G : fzy O\@? @ ! encoder f() | o
i % (7 : |
| : &g — y : ] N\
| | ' shared positive o)
) ) - I pair Yo | .
‘ 1 t2(G) ' - . - s || nfonce:
| 1ty e 5] ' B ° e e\ )| pull positive pairs
| : = ; shared P e
L Jsel 1T encoder £) i (e
! ~d d . ! | apart
: »

@ i et Zik

l

Given two augmentations ti, t, of the same graph, maximize agreement between f(t;(G)) and
f(t2(G)) while separating different graphs.

exp(sim(z;, z")/7)
> exp(sim(z;, z;)/7)

Linfonce = — log

@ augmentations include node dropping, edge perturbation, attribute masking, subgraph
sampling;
@ simple idea, broad impact, strong transfer baseline.

You et al. (NeurlPS 2020). 69 /98



The augmentation question is the real modeling question

social graph molecule local motif kept

\\\

augmentation

Hidden assumption behind contrastive learning

Two augmented views of the same graph should preserve the same semantics. But what
counts as semantics is domain-dependent.

@ random edge dropping may be harmless @ subgraph sampling may preserve local
in social graphs, motifs,

@ but disastrous in molecules if a @ but remove long-range constraints
functional bond disappears. critical for reasoning.

Takeaway: In graph SSL, augmentation design is equivalent to specifying an invariance prior. 70/98



Information-theoretic perspectives beyond contrast

What changes from contrastive SSL?

. . . Information-theoretic graph SSL
Contrastive learning specifies invariances by

augmentations. Information-theoretic objectives LTIy
instead ask what global graph information the enbosings 2 2
representation should retain. % NN i .
encoder [ [T
./ [\ =
@ Lovasz principle: uses a tractable global 7 ; GEGITERY
H . P . mlf;gi"gg : maximization
graph invariant as the organizing signal. unlabeled graph gl ] 01
@ Graph entropy maximization: encourages
informative and diverse node/graph
representations through a graph entropy [ objectives shape representation space J

objective.
Takeaway: The objective shapes representation geometry before labels: similar graphs should be close
and information-preserving. Lovész principle: Sun, Ding, and Fan (NeurlPS 2023). Graph entropy maximization:

Sun, Wang, Ding, and Fan (ICML 2024).
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GeMax motivation: graph entropy is structural

Kérner graph entropy [Korner, 1973] | From InfoMax to GeMax

Let B be the indicator matrix of independent @ InfoMax: maximizes estimated M| between
sets and the vertex-packing polytope for G: graph and node embeddings; structure enters
only through the encoder and augmentations.

_ V. 5 _ R
VP(G)={aeR™:a=BAA2 O’Z/\’ =1} @ GeMax: maximizes a graph entropy whose

feasible region depends explicitly on

For a probabilistic graph (G, P), independent sets through VP(G).
v o Key difference: the objective carries
. non-adjacency and combinatorial constraints
Hk(G,P) = min Z—P,- log(a;)- adjacency an ! ! INEs,
a€VP(G) not just distributional spread.
1=
v, Takeaway: Graph entropy depends on VP(G), so
v v, by bl bbb ke bbb b the objective is structural rather than only
-— B = j} {:; ||1 ||1 :: :: I|I :: (Il (Il lll distributional.
vy 0 0 0 1 0 0 1 1 0 0
5 0 0 0 0 1 0 0 0 1 1
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GeMax: learnable objective

’
)
! 1
! 1
e : |
1 | ' ] GNN, GNN, )
)
1 1
/N 4 Independent Sets | 10 0 0 ! l‘ 1
. ' 1 g 7
/ \. 0 D010 1] — —) 5 7 |
: @ : SRR U ] o oh
G : q , Calculate P; from Pryg,), where F(G;) = (g7, 27) 1
e ! By e B4 | ]
LA ! Visualization of VP{G,} ] | '
e o e | G Byl = mingevpio, 2,0 — Py log(a:) |
. |
Input G Find all Independent Sets to determine B, ~ VP(G;) = { acRV:a=BA;, A;20, ¥ ;= 1} 1 ]

Let F = (Fg, Fz) produce graph and node representations:

gl = Fs(Aj X;:0),  ZP = Fz(Aj, X;; 9).
Define a vertex distribution by closeness to the graph representation:
_ep(=llzf; — &l l13)
ey el &)

Then the GeMax objective is: maxXgp, ¢ ZJ,VZI Hk(Gj7 Pj)7 Hk(Gj, PJ) = minajevp(cj_) Zlnj:l _Pj,i Iog(aJ-’,-).
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GeMax: approximation and alternating optimization

Direct GeMax is hard because VP(G) requires independent-set structure. The paper relaxes it using orthonormal
representations and a sub-vertex-packing regularizer:

N nj
Ly, = Z Z —Pi(gf, Zj¢) log(aj(i))s

j=1 i=1

Lo =Y Moz (Z)T - W5 Lo = > |pyzt(z7) Dy - D3 .

J J

Representation update Packing-vector update

At arg min [ﬁHk + ’yﬁs_vp] , 0<a; <L
AecC

(6°+1, ¢*+1) = argmax [ L, — nLortn — VLsvp] -
0,¢

Takeaway: The algorithm alternates between learning representations and fitting the entropy
geometry; mini-batch training makes it scalable in the number of graphs.
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GeMax: graph entropy versus generic entropies

GeMax improves average accuracy across multiple unsupervised and semi-supervised pipelines.

Comparison of Shannon, Renyi, and GeMax Comparison of Shannon, Renyi, and GeMax

ance (ACC)

Average Performance (ACC)

Maximizing Shannon or Renyi entropy spreads probability mass over vertices, but it does not encode
the independent-set geometry of G. GeMax keeps the entropy objective tied to graph topology through
VP(G) or its tractable approximation.

Takeaway: The empirical advantage is not merely "more entropy"; it is entropy constrained by graph

structure.
75/98



© Introduction
© Graph Comparison
© Graph Representation

e Explainability and Generalizability
@ Explainability

© Discussion

76/98



A brief timeline of GNN explainability

GNN explainability timeline

2019 2020 2021 2022 2023 2025
i i GraphFramEx GraphXAl Patter.n
analysis
—O@ o o () o o—

¢ J V) ¢ J.
Y Y Y

instance masks subgraph rationales evaluation and concepts

Three classical milestones to
remember

o GNNExplainer (2019):
optimize sparse masks for a
single prediction.

o PGExplainer (2020): learn a
reusable parametric explainer
across instances.

@ SubgraphX (2021): search
directly for a
human-interpretable explanatory
subgraph.

Takeaway: The methodological shift is from instance-wise attribution to generalizable rationale

generation and then to subgraph-level explanation and evaluation.
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GNNExplainer (NeurlPS 2019): sparse instance-wise mask optimization

FE LA

edge mask feature mask

For a trained predictor ®, GNNExplainer learns a soft edge mask M and feature mask m for one target

instance:
max I(Y; GOo(M), X ®m)

which is implemented through a prediction-preserving objective such as

max log Po(y | G®© o(M),X @ m)— A||la(M)|1 — XaH(a(M)).

@ Strength: first general post-hoc framework for node- and graph-level GNN explanations.

@ Limitation: explanations are optimized per-instance and can be unstable or expensive.

Ying et al., NeurlPS 2019: “the first general, model-agnostic approach” for GNN prediction explanations.
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PGExplainer (NeurlPS 2020): learn an explainer that generalizes

Instead of optimizing a fresh mask for each instance, PGExplainer trains an explainer network on latent
node states:

Sy = MLP([hS,L)\|h$,L)||hC]) , M,, ~ Concrete(s,y, T),
and maximizes the expected prediction score under sampled explanatory subgraphs.

@ Strength: explanation generation amortizes across instances and naturally supports inductive
settings.

@ Design lesson: explanations can be learned objects, not just outputs of a post-hoc optimizer.

Luo et al., NeurlPS 2020: parametric explainer with improved generalization across instances.
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SubgraphX (ICML 2021): explanation as a subgraph search problem

SubgraphX asks directly for an explanatory subgraph S rather than a node or edge heatmap. Its score is
based on the marginal contribution of S:

o) = 3 g (frus)—a(m).
TCV\S '

with Monte Carlo tree search used to navigate the combinatorial search space.
@ Strength: more human-intelligible rationales at the subgraph level.

@ Limitation: computationally heavier than mask-based explainers.

Yuan et al., ICML 2021: Shapley-informed subgraph exploration for GNN explanations.
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A modern example: graph pattern analysis

. ): S —y, [._+._. path |
3 = == /\:\ cycle
\"\’ fj§§ — 23| > - ,,%' star
zeRY i 771 - - % clique
Y - Lillsna. --> \.‘,{ tree

@ decompose graph representations into interpretable pattern channels,
@ attribute embedding dimensions or channels to human-readable structural motifs,
@ support explanation at the representation and graph levels.

Broader lesson

Explainability is strongest when interpretation is built into the representation space itself, not
bolted on after training.

Representative example: Wang et al. (1JCAI 2025).
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PXGL: representation-level graph explainability

Representation-level question

Most XGL methods explain a model or an individual For a pattern family Pp,, define a pattern descriptor
prediction. PXGL instead asks:

h("(G) = $(G; Pr),
Which structural pattern families contribute to gg?

where each coordinate counts or summarizes
@ Pattern families such as paths, trees, cycles, cliques, occurrences of patterns in Pp,.
and graphlets carry domain semantics.

@ Graph kernels expose pattern counts but ignore PXGL Key Idea
features and can be high-dimensional.

@ GNNs use features and implicit structure but hide the !\/Iake the representation itself a weighted mixture of
pattern content of g¢. interpretable pattern channels.
Prath Pr Pa
phy  phy  phy  phy T T, Ty Ty gl gls gly

VAN T e L\ &g -

Wang, Sun, Ding, Fan (IJCAI 2025): Explainable Graph Representation Learning via Graph Pattern Analysis.
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PXGL-EGK: pattern weights as explanations

Learnable ensemble graph kernel
Given M pattern kernels {Kp,,...,Kp,, },

M
K,J()\) = E A,,,K‘pm(G,', Gj), A€ Ay.

m=1

The simplex coordinate A, is an explicit task-level importance score for P,.
Kernel training objectives

A"

argmin  Lier(N).
1T a=1, A>0

zZt = E Iy: = yi] K z" = E Ily; # yi]Kix,
ki k
Lsor = — Y 1y = y](log K; —log(Z +nZ)).
iZj

K2/r;
Lkr = KL(K(X),K'(A), K;= #.
2
E :-/ K--//rj’
J U

W Class |
b, ™ W Classo

Class |
Classo

o

PROTEINS example: random-walk/path, subtree, and

graphlet kernels are combined by learned weights.

PXGL-EGK: supervised contrastive kernel learning and unsupervised KL self-training over kernel matrices.
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PXGL-GNN: feature-aware pattern channels

Gﬂpﬁlq;umrxm
Algorithmic structure Pattern-channel representation
Q Sample subgraphs S(m)(G) matching pattern family Pp,. 1
e Encode each sampled pattern set with a dedicated GNN Z(Gm) = W E F(As, Xs; W(m))>
L (m)
FwWim). ses(m)(c)
e Combine pattern channels with interpretable weights X.
Interpretation: )\, measures how much family P, contributes to M
- ge= Y Anzl’.  1TA=1 a0
m=1

Optimization

c
1
Leg(AW) = —— ye log Je, A, WE = argmin L(X, W).
I > o Ay
GeG c=1
PXGL-GNN keeps the pattern-weight explanation while incorporating node features and implicit GNN representations.
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PXGL evidence: pattern weights and embeddings

Learned supervised PXGL-GNN pattern weights A Interpretation
@ MUTAG: cycles dominate, consistent with ring
Pattern | MUTAG  PROTEINS DD NCI1 structures.
@ PROTEINS: path-like structures receive the
paths |0.095 4 0.014 0.550 £ 0.070 0.093 4+ 0.012 0.022 + 0.002 largest weight.
trees |0.046 4+ 0.005 0.074 + 0.009 0.054 4+ 0.006 0.063 + 0.008 ° o . .
graphlets [0.062 & 0.008 0.081 % 0.011 0.125 %+ 0.015 0.101 + 0.013 DD/NCI1: clique-like structures dominate the
cycles [0.654 + 0.085 0.099 + 0.013 0.094 + 0.012 0.176 + 0.022 . Fepresentation. . .
cliques [0.082 4+ 0.011 0.098 £ 0.012 0.572 + 0.073 0.574 4+ 0.075 Empirical message: PXGL-GNN improves supervised
wheels [0.026 & 0.003 0.039 4+ 0.005 0.051 4 0.007 0.012 & 0.002 classification and unsupervised clustering across eight
stars | 0.035 £ 0.005 0.056 4+ 0.007 0.011 &+ 0.002 0.052 4 0.007 benchmarks while exposing which pattern families
drive gg.

ve bt
path, A1 = 0.5504 tree, A\p = 0.0746 graphlet, A3 = 0.08103

PXGL-GNN pattern importance analysis and PROTEINS t-SNE visualizations from the 1JCAI 2025 PXGL slides/poster.
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Graph foundation models: from graph corpora to transferable graph intelligence

Working definition

A graph foundation model is a broadly pretrained graph model intended to produce
transferable representations or task behavior across domains, tasks, and possibly modalities.

Large graph corpora

— Unified graph interface

— Pretrained backbone

— Prompt / fine-tuning / in-context adaptation
— Node / edge / graph / reasoning tasks

Conceptual overview: Liu et al., TPAMI 2025 survey; recent surveys in 2025.
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Why GFMs are harder: graphs lack a universal interface

Language and vision have natural J Five missing standards for graph

interfaces foundation models

Text m@@ @ Tokenization: nodes, edges, subgraphs, walks, or

graph-text pairs?
ordered token sequence . . .
q @ Task interface: node, edge, graph, retrieval, generation, or

reasoning?

Image @ Domain semantics: molecules, social graphs, knowledge
graphs, and circuits have different meanings.

@ Position / identity: graph symmetry and isomorphism
regular patch grid make absolute positions ambiguous.

@ Evaluation: zero-shot, few-shot, transfer, and cross-domain

2 test t yet standardized.
But graphs are different €8T are not yet standardize
Key message

Unlike text and images, graphs do not come with a canonical
sequence, grid, task format, or semantic space. This makes
universal graph pretraining substantially harder.

unordered, relational,

domain-dependent structure 88,98



Domain heterogeneity: graphs from different worlds (TUDatasets)

small molecules, bioinformatics, computer vision, social networks: MFD+tSNE [Fan 2025]

tSNE visualization of graphs in TUDatasets

Dataset/color
751 & AIDS

MUTAG

Yeast
ZINC_test

DD

ENZYMES
OHSU
PROTEINS_full
COIL-DEL
Cuneiform
Letter-high
MSRC_21

° COLLAB
DBLP_v1
IMDB-BINARY
REDDIT-BINARY

H <« @ * B 4« 0 * B €4 0 »

=75 =50 =25 0 25 50 75 100

Key message: A GFM must align structurally and semantically different graph distributions.
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GFM vs. LLM: similar ambition, different data structure

Large language models

Graph foundation models

Basic unit

tokens in a sequence

nodes, edges, subgraphs, walks, or whole graphs

Input structure

ordered text sequence

unordered, relational, and permutation-sensitive
graph structure

Pretraining sig-
nal

next-token prediction, masked language model-
ing, instruction tuning

masked graph modeling, contrastive learning,
generative graph modeling, cross-task prompt-
ing

Transfer target

QA, generation, reasoning, coding, dialogue

node, edge, graph, retrieval, generation, and
reasoning tasks

Main difficulty

semantic knowledge and long-context reasoning

structural invariance, graph heterogeneity, task
heterogeneity, and domain transfer

GFM is not simply “LLM for graphs.” LLMs can provide semantic knowledge and instruction interfaces, but graph-native
structural modeling is still essential.

90/98



Graph foundation models by the role of LLMs

Graph-native GFMs

Graph corpus

1
GNN / Graph Transformer

Transferable graph representation

@ no LLM is required

@ learn mainly from graph
structure and attributes

@ focus on graph representation
transfer

Examples: GraphMAE, random-walk
pretraining, PRODIGY, BRIDGE,
RiemannGFM, GraphVec
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Graph foundation models by the role of LLMs

Graph-native GFMs LLM-assisted GFMs

Graph corpus Graph + text attributes
' !
GNN / Graph Transformer LM/LLM encoder + graph encoder
1
Transferable graph representation Unified graph task prediction
@ no LLM is required @ LLM provides semantic features
@ learn mainly from graph or prompts
structure and attributes @ graph model still captures
@ focus on graph representation structure
transfer @ useful for cross-domain
I
Examples: GraphMAE, random-walk alignment
pretraining, PRODIGY, BRIDGE, Examples: OFA, text-attributed graph
RiemannGFM, GraphVec models
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Graph foundation models by the role of LLMs

Graph-native GFMs LLM-assisted GFMs LLM-centric GFMs

Graph corpus

1
GNN / Graph Transformer

Transferable graph representation

@ no LLM is required

@ learn mainly from graph
structure and attributes

@ focus on graph representation
transfer

Examples: GraphMAE, random-walk
pretraining, PRODIGY, BRIDGE,
RiemannGFM, GraphVec

Graph + text attributes

+
LM/LLM encoder + graph encoder

1
Unified graph task prediction

@ LLM provides semantic features
or prompts

@ graph model still captures
structure

@ useful for cross-domain
alignment

Examples: OFA, text-attributed graph
models

Graph + text + question

Graph-language model
1

Answer / label / explanation
@ LLM is the main backbone or
interface

@ graph tasks become generation
or instruction following

@ useful for graph QA,
explanation, and reasoning

Examples: GraphLLM, GraphGPT,
HiGPT, GOFA
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An example of Graph-native GFMs

Feng & Fan. GraphVec: Cross-Domain Graph Vectorization for Graph-Level Representation Learning. arXiv

2026.

Multi-Graph
Construction
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An example of LLM-assisted GFMs

Prediction

Molecule
Description LLM Classification
Relation \ i
Type \ ~=<..(~)_ Did Jobs I
Description \ - found Apple? Prediction
/ ‘\
/I AN
More data and tasks. N S . eee .
| | | | | | ] |
Cross-domain Graph Data ~ Task Description ~ LLM-based Feature/Task Feature Graph Task-dependent GNN-based Graph Downstream Task
Embedding Prompt Graph Embedding
Liu et al. One for All: Towards Training One Graph Model for All Classification Tasks. ICLR 2024
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An example of LLM-centric GFMs

Graph2Text GraphLLM
Context Length : 1.7K | Acc: 0.2173 | Context Length : 0.048K | Acc: 0.9726 |
{_é}: We need 170 pounds,® Enputicnaph

@: We need 230 pounds.(¥)

[ LLaMA 2 kr Graph-enhanced Prefix
t 1
Input Graph Description: Graph
Wormhole #1 <-> Wormhole #2. @i 2> @ Transformer LLaMA 2
Wormhole #1 <-> Wormhole #3. #2 #6
Wormhole #5 <-> Wormhole #7. tjvz‘::'lle:;fl Fe?‘:;:ﬁses 30 dl:] O--0
S O AN I pounds of dark matter to activate W{W [j[j C0O--—-0O
Node Textual Features : Encoder- 4t -
. Wormhole #7: ... ... requires 50 Decoder OO===0
Instruction: pounds of dark matter to activate 1 ! f
- #Param: 0.09B

@] o ST . Instruction:

: How much dark matter we'll

@ need at the minimum to reach @
Wormhole #7?

Chai et al. GraphLLM: Boosting Graph Reasoning Ability of Large Language Model. arXiv 2023.
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Graphs meet LLMs: what is genuinely promising?

@ graph-text alignment,
@ reasoning over graph queries,
@ multimodal graph understanding,

@ using language to specify tasks and
constraints.
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Graphs meet LLMs: what is genuinely promising?

Stil unclear

o graph-text alignment, @ whether language-token pretraining

reasoning over graph queries, alone is enc.)ugh for structural
generalization,

@ how to preserve permutation-aware
graph structure inside sequence models,

o
@ multimodal graph understanding,
o

using language to specify tasks and

constraints.
@ whether universal graph prompting is

achievable across domains.

Key message

Regardless of whether LLMs are used, the core of a graph foundation model is transferable
graph representation across domains, tasks, and modalities.

95 /98



@ Introduction

© Graph Comparison

9 Graph Representation

@ Explainability and Generalizability

© Discussion
@ Where is graph learning going?

96 /98



Where is graph learning going?

From comparison To representation Toward generalization

Graph edit distance GNNs and graph transformers Prompting
Graph kernels Graph theory Pretraining
Optimal transport Self-supervised representation Graph-language models
Factorization distance learning Graph foundation models
@ explicit similarity @ learned latent geometry @ transfer across
@ interpretable but often @ scalable but less explicit tasks/domains

costly @ still far from universal

Discussion point

The central question is shifting from “How should we compare graphs?” to “How can models
learn transferable graph geometry?”
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